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ABSTRACT 
A computer ized  f l ow  v i s u a l i z a t i o n  techn ique  
capab le  o f  q u a n t i f y i n g  t h e  f l o w  f i e l d  a u t o m a t i c a l l y  
has been developed. T h i s  techn ique  uses a f t e r g l o w -  
i n g  e f f e c t  o f  o p t i c a l l y  a c t i v a t e d  phosphorescent 
p a r t i c l e s  t o  r e t r i e v e  v e c t o r i a l  i n f o r m a t i o n  on each 
t r a c e .  By u s i n g  r h i s  i n f o r m a t i o n ,  i n  c o n j u n c t i o n  
w i t h  computer image process ing ,  t h e  f l o w  f i e l d  o f  a 
f r e e  s u r f a c e  t r a n s i e n t  v o r t e x  was i n v e s t i g a t e d .  
INTRODUCTION 
Advances i n  f l u i d  mechanics have been c l o s e l y  
l i n k e d  t o  t h e  c o r r e c t  i n t e r p r e t a t i o n  o f  q u a l i t a t i v e  
j n f o r m a t i o n  t h a t  can  b e  o b t a i n e d  frorn f l ow  v i s u a l i -  
z a t i o n  p i c t u r e s .  To c o n f i r m  t h e  v a l i d i t y  of such 
q u a l i t a t i v e  i n t e r p r e t a t i o n ,  q u a n t i t a t i v e  methods 
such as h o t  w i r e  o r  l a s e r  d o p p l e r  v e l o c i m e t r y  a r e  
used. The l a t t e r  two techn iques  a r e  t y p i c a l l y  l i m -  
i t e d  t o  s imu l taneous sampl ing  a t  few s p a t i a l  l o c a -  
t i o n s .  I n  t h i s  resoec t .  a o u a n t i t a t i v e  f l ow  v i s -  
i a l i z d t i m  t tc tv1q.e  i s  required nzca:ise i t  can 
2 r L i ; c e  sifr:ltareo,s s p a t i a l  ana tempora l  i n f o r m  
t i o n .  E a r l i e r  a t tempts  t o  o b t a i n  such i n f o r m a t i o n  
has been made by t r a c i n g  t h e  p a t h  o f  smal l  p a r t i -  
c l e s  suspended i n  f l u id (1 ,2 ,3 ) .  However, t h i s  con- 
v e n t i o n a l  p a r t i c l e  t r a c i n g  techn ique  w i t h  u n i f o r m  
i n t e n s i t y  t r a c e s ,  s u f f e r s  f rom two ma jo r  drawbacks 
( a )  a m b i g u i t y  i n  f l o w  d i r e c t i o n  on each t r a c e  ( t h e  
i n f o r m a t i o n  r e g a r d i n g  f l o w  d i r e c t i o n  i s  u s u a l l y  
l o s t  d u r i n g  unb iased u n i f o r m  i l l u m i n a t i o n  of p a r t i -  
c l e s ) ,  dnd ( b )  unaccep tab le  amount of manual work 
r e q u i r e d  t o  o b t a i n  v e l o c i t y  v e c t o r  f i e l d  f o r  a 
l a r g e  number o f  t races .  A t tempts  t o  reduce t h e  
amount o f  t h e  manual work,  by u s i n g  computer image 
d i g i t i z i n g  and p r o c e s s i n g  techn iques ,  have f a i l e d  
becau e o f  t h e  prob lem o f  f l o w  d i r e c t i o n  ambi- 
g ~ i t y ? 1 , ~ , ~ ) .  The l a c k  o f  v e c t o r i a l  i n f o r m a t i o n  
r e q u i r e s  t h e  f i n a l  judgement of an o p e r a t o r  who 
shou ld  bea r  i n  mind t h e  f l  c t i o n  and a s s i g n  a 
l o c a l  v e l o c i t y  v e c t o r  t o  i nd i  v i d u a l  t r a c e .  
T h i s  i s  u s u a l l y  done d u r i  d i g i t i z a t i o n  pro- 
cess and r e q u i r e s  b o t h  manual l a b o r  and a p r i o r i  
knowledge o f  t h e  d i r e c t i o n  o f  t h e  f l o w  f i e l d  under  
i n v e s t i g a t i o n .  
* A s s i s t a n t  P ro fesso r ,  Dept. o f  A p p l i e d  Mechanics 
and Eng ineer ing  Sciences, UCSD, La J o l l a ,  CA 
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"Techn ica l  Group Superv i so r -  F l u i d  Dynamics Group, 
B u t  f o r  many unsteady f l o w s ,  l a c k  of such a 
p r i o r i  knowledge n e c e s s i t a t e s  a new techn ique  t h a t  
e l i m i n a t e s  b o t h  t h e  f l ow  d i r e c t i o n  a m b i g u i t y  and 
r e q u i r e d  manual l abo r .  T h i s  paper  w i l l  a t t e m p t  t o  
i n t r o d u c e  such a techn ique  based on a f t e r g l o w  p rop -  
e r t y  of o p t i c a l l y  a c t i v a t e d  phosphorescent  p a r t i -  
c l e s  v i a  d i g i t a l  image a n a l y s i s .  The techn ique  was 
a p p l i e d  t o  a s i m p l e  f ree  s u r f a c e  t r a n s i e n t  v o r t e x  
and i s  t h e  s u b j e c t  o f  t h i s  paper.  
PARTICLE TRACING BY PHOSPHORESCENT PARTICLES 
The p resen t  t e c h n i q u e  employs p a r t i c l e s  t h a t  
a r e  coa ted  w i th  phosphorescent m a t e r i a l s  t o  r e -  
t r i e v e  t h e  v e c t o r i a l  i n f o r m a t i o n .  Once t h e  p a r t i -  
c l e  t h a t  f o l l o w s  t h e  f l o w  i s  i l l u m i n a t e d  by a s h o r t  
i n t e n s e  l i g h t  pu l se ,  t h e  phosphorescent c r y s t a l s  
re -emi t  t h e  absorbed energy  v i a  e l e c t r o n i c  t r a n s i -  
t i o n  and c r y s t a l ' s  l a t t i c e  v i b r a t i o n .  The former, 
wh ich  has a s h o r t  p e r i o d  ( - lO-ss)  and i s  a s s o c i a t e d  
w i t h  t h e  f l u o r e s c e n t  p r o p e r t i e s  o f  t h e  c r y s t a l ,  
marks t h e  image by a b r i g h t  spo t .  The e l e c t r o n i c  
t r a n s i t i o n  w i l l  be f o l l o w e d  by  c r y s t a l ' s  l a t t i c e  
v i b r a t i o n  p e r i o d  (phosphorescence) which has d lon- 
g e r  p e r i o d  (-100 ms) and p e r m i t s  t h e  g e n e r a t i o n  o f  
a t r a c e  ove r  t h e  d i s t a n c e  t h a t  t h e  p a r t i c l e  has 
t r a v e l e d  w i th  t h e  f low.  D u r i n g  t h e  phosphorescence 
p e r i o d  t h e  emiss ion  i n t e n s i t y  decays w i t h  t i m e  and 
consequen t l y  w i t h  d i s tance .  S ince  t h e  decay d i r e c -  
t i o n  i s  a lways  S i m i l a r  t o  t h a t  o f  t h e  f l ow ,  one can 
use t h i s  p r o p e r t y  t o  i n f e r  t h e  v e l o c i t y  v e c t o r  (see 
F i g u r e  3). However, such i n f o r m a t i o n  cannot  be ob- 
t a i n e d  from a un i fo rm i n t e n s i t y  t r a c e  shown i n  F i g -  
u r e  2. 
I t  shou ld  be ment ioned t h a t  luminescent  mate- 
r i a l s  have be n u ed be fo re  f o r  t h e  f l ow  v i s u a l i z a -  
t i o n  p ~ r p o s e s ? ~ * ~ ? ,  but t o  our knowledge no  rnves-  
t i g a t o r  has used t h e  a f t e r g l o w i n g  e f f e c t  of t h e  i n -  
d i v i d u a l  p a r t i c l e s  t o  genera te  t r a c e s  w i t h  v a r i a b l e  
i n t e n s i t y .  I n  our automated techn ique,  we s t r i c t l y  
s l a b o r i o u s .  
on t h e  f r e e  
s u r f a c e  of a round w a t e r  c o n t a i n e r  o f  12.5 cm diam- 
e t e r  ( F i g u r e  1). P r o v i s i o n s  were made t o  have a 
sma l l  p r o p e l l e r  a t  t h e  bo t tam o f  t h e  c o n t a i n e r  t o  
i nduce  c i r c u l a t i o n  i n  t h e  tank .  The p r o p e l l e r  was 
r o t a t e d  by a v a r i a b l e  speed motor.  
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Figure  1. Experimental Set-up 
I 
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Figure  2. Conventional P a r t i c l e  Traces  F igure  3. Double Pulsed A f t e r  Glowing Traces  
.... '-&: .,. , 
Figure  4. Spot I s o l a t i o n  F igure  5. Trace Construct ion 
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The f r e e  su r face  was seeded by  200 sm p o l y s t y -  
rene p a r t i c l e s  coated  w i t h  submicron s i z e  z i n c  s u l -  
f a t e  (2nS:Cu) c r y s t a l s .  These p a r t i c l e s  have max- 
imunl a b s o r p t i o n  and emiss ion  wave lengths  i n  t h e  
range o f  400 nm and 530 nm r e s p e c t i v e l y ,  For  il- 
::i..:*i.: 
.WLJ l u m i n a t i o n  purposes, a s t r o b e  l i g h t  was used. The 
l i g h t  source  was f i l t e r e d  t o  a l l o w  o n l y  wave length  
s m a l l e r  t h a n  420 nin t o  pass. 
To measure v e l o c i t y  o f  each p a r t i c l e .  l e n g t h  
o f  each t r a c e  f o r  a g i v e n  t r a v e l i n g  t i m e  shou ld  be 
. '  measured. There were two o p t i o n s  t o  measure t r a -  
v e l i n g  t ime .  F i r s t ,  t o  use  s h u t t e r ' s  open ing  t ime.  
Second, t o  doub le  p u l s e  t h e  s t r o b e  l i g h t  a t  c e r t a i n  
p u l s e  inc rements .  We used t h e  second techn ique ,  
because t h e  p u l s e  i n t e r v a l s  w i t h  g r e a t e r  p r e c i s i o n  
c o u l d  be measured t h a n  t h e  s h u t t e r ' s  open ing  t ime.  
The doub le  p u l s e  t i n e  i n t e r v a l  (Tg) s h o u l d  be Se- 
l e c t e d  i n  such a way t h a t  t h e  t r a c e  of t h e  f i r s t  
p u l s e  sees t h e  second s p o t  somewhere a l o n g  i t s  
l e n g t h  b e f o r e  i t s  i n t e n s i t y  d im in i shes .  Thus, t h e  
f i r s t  requ i rement  f o r  s e l e c t i n g  To, t i m e  between 
pu lses  w i l l  be 
where T p , i s  t h e  nominal  phosphorescent  l i f e t i m e  of 
t h e  p a r t i c l e .  Tp i s  400 ms f o r  t h e  t y p e  of p a r t i -  
c l e s  used i n  t h i s  exper iment .  
The p a r t i c l e s  i n  t h e  h i g h  speed r e g i o n  o f  t h e  
f l ow  w i l l  t r a v e l  a r e l a t i v e l y  l o n g  d i s t a n c e .  Oue 
t o  t h e  f i n i t e  amount of t h e  e m i t t e d  power d u r i n g  
a f t e r g l o w i n g  p e r i o d ,  t h e s e  h i g h  speed p a r t i c l e s  
w i l l  have a reduced t r a c e  b r i g h t n e s s  compared t o  
t h o s e  t h a t  t r a v e l  s h o r t e r  d i s t a n c e s  f o r  t h e  g i v e n  
t i m e  increment .  The f i n a l  v a l u e  o f  Tu i s  t h e r e f o r e  
dec ided  by t h e  f l ow  v e l o c i t y ,  t h e  o p t i c a l  q u a l i t y  
....~., <*#' ~ . .  . of t h e  image r e c o r d i n g  system, and t h e  t h r e s h o l d  
s e n s i t i v i t y  o f  t h e  f i l m .  I n  t h e  p resen t  exper iment  
w i t h  a maximum p a r t i c l e  v e l o c i t y  o f  5 cmfsec, a 
t v o i c a l  250 ms o u l s e  i n t e r v a l  was found t o  be su f -  
f;cient t o  genera te  t r a c e s  t h a t  v i s u a l l y  connect  
two spots .  Each p u l s e  was o f  20 p s  d u r a t i o n .  
When t h e  p r o p e l l e r  s t a r t e d  t o  r o t a t e  a t  3 rps ,  
an o p t i c a l  d e t e c t o r  a c t i v a t e d  a p rogramable  c o n t r o l  
box. The c o n t r o l  box t h e n  t r i g g e r e d  t h e  camera, 
and w i t h  s h u t t e r  Jpened sen t  two p u l s e s  t o  t h e  
s t r o b e  l i g h t .  The t i m e  between p u l s e s  was s e t  a t  
250 ms, and t h e  camera was triggered every  3 
seconds. D u r i n g  each measurement p e r i o d  a t o t a l  o f  
36  p l c t u r e s  were taken.  
IPIAGE UIGITIZATION AND SOFTWARE STRUCTURE 
Each pho tog raph ic  n e g a t i v e  ( F i g u r e  3)  i s  d i g i -  
t i z e d  by a v i d i c o n  camera, and image d i g i t i z e r .  
T h i s  p rocess  i s  c o n t r o l l e d  by a h o s t  computer and 
t h e  pho tog raph ic  p l a t e  i s  d i g i t i z e d  i n t o  a 512 x 
512 m a t r i x  w i t h  256 g ray  l e v e l s  r e s o l u t i o n .  The 
f i r s t  s t e p  i n  t h e  a n a l y s i s  of t h e  d i g i t a l  p i c t u r e  
i s  d e t e c t i o n  of t h e  spots .  Each i n d i v i d u a l  spo t  
can  be i s o l a t e d  f r o m  t h e  background v i a  l o c a l  h i g h  
pass f i l t e r i n g  and t h r e s h o l d i n g  (see F i g u r e  4). 
Once t h e s e  spo ts  have been i s o l a t e d ,  t h e  n e x t  s t e p  
i s  t o  l a b e l  them as s t a r t i n g  o r  end ing  p o i n t s .  
T h i s  1 8  done by comparing t h e  r e g i o n  around each 
s p o t  w i t h  e i g h t  d i f f e r e n t  square  masks wh ich  a r e  
c e n t e r e d  on t h e  spots .  Each mask r e p r e s e n t s  a c e r -  
t a i n  d i r e c t i o n  ( F i g u r e  6 ) .  We s t r u c t u r e d  t h e  f o l -  
l o w i n g  c r i t e r i o n  i n  o r d e r  t o  d i s t i n g u i s h  t h e  s t a r t -  
i n g  f rom t h e  end ing  p o i n t :  s t a r t i n g  p o i n t  has o n l y  
1 one n e i g h b o r i n g  t r a c e  w h i l e  an end ing  p o i n t  has two 
n e i g h b o r i n g  t r a c e s  ( F i g u r e  3 ) .  There fore ,  a s t a r t -  
i n g  p o i n t  shows a good c o r r e l a t i o n  o n l y  w i t h  one 
mask w h i l e  an end ing  p o i n t  shows two  good c o r r e l a -  
t i o n s  ( F i g u r e  7).  T h i s  c r i t e r i o n  enab les  t h e  coni- 
p u t e r  t o  l a b e l  each p o i n t .  T h i s  p rocess  a l s o  i d e n -  
t i f i e s  t h e  nex t  n e i q h b o r i n g  p i x e l  on t h e  t r a c e .  
F i g u r e  6. Mask P a t t e r n s  
START 
F i g u r e  7 .  Spot L a b e l i n g  
The l a b e l i n g  process  i s  o n l y  a p p l i e d  t o  t h e  p o i n t s  
wh ich  a r e  recogn ized  as  spo ts  and n o t  t o  t h e  who le  
iinaoe. Trace-followino-alqorithms i s  a D o l i e d  t o  
connect  t h e  s t a r t i n g  Goin; t o  t h e  end ing  p o i n t .  
The process  i s  as fo l l ows :  w i t h  p o i n t s  l abe led ,  
t h e  same masking comparison i s  done f o r  t h e  n e x t  
n e i g h b o r i n g  p i x e l  o f  t h e  s t a r t i n g  p o i n t .  T h i s  p r o -  
cess  c o n t i n u e s  u n t i l  an end p o i n t  i s  i d e n t i f i e d  and 
t h e  c o n n e c t i n q  t r a c e  i s  c o n s t r u c t e d  i f i q u r e  5). A t  
t h i s  p o i n t  the computer measures t h e ' n u i b e r  o i  p i x -  
e l s  between p o i n t s  on t h e  t r a c e  and c a l c u l a t e s  t h e  
v e l o c i t y  by knowing Tu and t h e  c a l i b r a t i o n  f a c t o r .  
Severa l  c o m p l i c a t i o n s  m igh t  a r i s e  due t o  local 
t r a c e  c r o s s i n g  or  over laps .  A t  t h i s  p o i n t ,  t h e  
so f tware  h a l t s  t h e  process  and asks f o r  o p e r a t o r ' s  
ass i s tance .  I n  t h e  p resen t  exper iment ,  t r a c e s  w i t h  
a spo t  d iamete r  t o  t r a c e  l e n g t h  l e s s  t h a n  10 were 
cons ide red  f o r  v e l o c i t y  c a l c u l a t i o n s .  
RESULTS AND DISCUSSION 
F i g u r e s  Xa t h r o u g h  8 f  r e p r e s e n t  s e l e c t e d  se- 
quences o f  i ns tan taneous  az imu tha l  v e l o c i t y  d i s t r i -  
b u t i o n  of a f r e e  s u r f a c e  vo r tex .  I n i t i a l  sp in -up  
of t h e  f r e e  sur face  i s  c h a r a c t e r i z e d  by a r a p i d  
az imu tha l  v e l o c i t y  i n c r e a s e  i n  a b road  area  c l o s e  
t o  R = 20 mm ( F i g u r e  8a t h r o u g h  Xd). F i g u r e  9 f  
p r e s e n t s  two superimposed v e l o c i t y  p r o f i l e s  a t  t i n e  
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> 39, t h e  v e l o c i t y  p r o f i l e  has reached a s teady  
s t a t e  and does n o t  change w i t h  t ime .  The az imu tha l  
v e l o c i t y  (Ue) i nc reases  as  t h e  r a d i a l  d i s t a n c e  f rom 
t h e  c o r e  i nc reases .  A f t e r  a maximum i s  reached a t  
R = 14 mm, t h e  v e l o c i t y  decreases toward  t h e  o u t e r  
edge of t h e  f r e e  Surface. 
We can unders tand t h i s  o b s e r v a t i o n  by  assuming 
t h a t  t h e  f l o w  i s  i r r o t a t i o n a l  o u t s i d e  a c i r c l e  
( w i t h  a f i n i t e  r a d i u s  R o )  t h a t  enc loses  t h e  core .  
T h i s  means t h a t  a l l  of t h e  v o r t i c i t y  i s  con ta ined  
i n  t h e  i n t e r i o r  o f  t h i s  c i r c u l a r  reg ion .  There-  
fo re ,  i t  can be assumed t h a t  c i r c u l a t i o n  i s  con- 
s t a n t  f o r  t h e  area  e x t e r i o r  t o  t h e  c i r c u l a r  r e g i o n  
and i t s  v a l u e  can be de termined by t h e  f o l l o w i n g  
r e 1  a t i  on 
.<.;... :*?p' 
? = 2 rRU8,  
where r i s  t h e  c i r c u l a t i o n ,  R i s  t h e  r a d i a l  d i s -  
tance.  The dashed cu rve  i n  F i g u r e  8f  rep resen ts  
t h e  r e l a t i o n  
wh ich  i s  de termined by  assuming a c o n s t a n t  c i r c u l a -  
t i o n  v a l u e  ( 7 0 )  a t  Ro. It can h e  seen t h a t  t h i s  
c u r v e  can s a t i s f a c t o r i l y  rep resen t  t h e  exper imen ta l  
p o i n t s  i n  t h e  o u t e r  reg ion .  
Another  o b s e r v a t i o n  i s  t h a t  t h e  az imu tha l  ve- 
l o c i t y  component i nc reases  l i n e a r l y  i n  t h e  i n n e r  
r e g i o n  o f  t h e  v e l o c i t y  d i s t r i b u t i o n .  There fo re ,  
t h e  i n n e r  v e l o c i t y  d i s t r i b u t i o n  i s  same as t h a t  o f  
a r o t a t i n g  s o l i d  body w i t h  u n i f o r m  v o r t i c i t y  d i s -  
t r i b u t i o n .  The i n t e r s e c t i o n  o f  a f i t t e d  s t r a i g h t  
l i n e  t h r o u g h  t h e  i n n e r  r e g i o n  and t h a t  o f  t h e  o u t e r  
r e g i o n  can be used t o  d e f i n e  a r e f e r e n c e  r a d i u s  
(R,) f o r  t h e  core .  F o r  example, i n  t h e  p resen t  e x -  
pe r imen t ,  t h e  va lue  o f  R o  was found t o  be 1 4  mm. 
F o r  comparison purposes, t h e  Rank ine  model i s  su- 
per imposed on t h e  f i g u r e s  t h a t  rep resen t  t h e  t r a n -  
s i e n t  phase of t h e  f l o w  ( F i g u r e s  8a - 8 f ) .  It can 
be conc luded tha t  t h e  s teady  phase o f  t h e  p resen t  
f l o w  can be s u c c e s s f u l l y  rep resen ted  by  t h e  Rank ine  
v o r t e x  model. It shou ld  be p o i n t e d  o u t  t h a t  t h e  
i n t e r f a c e  between i n n e r  and o u t e r  r e g i o n s  has Seen 
a r a p i d  v e l o c i t y  i n c r e a s e  d u r i n g  t h e  t r a n s i e n t  
phase. 
. .  . : : k !  
CONCLUDING REMARKS 
The bbove r e s u l t s  p r o v i d e  c redence t o  t h e  ap- 
p l i c a b i l i t y  of o p t i c a l l y  a c t i v a t e d  t r a c e s  v i a  d i g i -  
t a l  image a n a l y s i s  as  a q u a n t i t a t i v e  f l o w  v i s u a l i -  
z a t i o n  techn ique .  It can be a p p l i e d  t o  comp l i ca ted  
f l ow  problems where s i n g l e  p o i n t  measurements o r  
l a b o r i o u s  conven t iona l  p a r t i c l e  t r a c i n g  techn iques  
cannot  be cons ide red  f e a s i b l e .  
Much needs t o  be done r e g a r d i n g  p e r f e c t i o n  of 
t h e  s o f t w a r e  i n  h a n d l i n g  t r a c e  c r o s s i n g  and t r a c e  
o v e r l a p  which a r e  expec ted  t o  occu r  i n  complex 
f lows.  Genera t i on  o f  p a r t i c l e s  w i th  t h e  r i g h t  den- 
s i t y  and s i z e  t o  r e s o l v e  d i f f e r e n t  s p a t i a l  and tem- 
p o r a l  s c a l e s  i s  r e q u i r e d  f o r  f u t u r e  work. D i r e c t  
o p t i c a l  and e l e c t r o n i c  image r e c o r d i n g  i s  r e q u i r e d  
t o  reduce t h e  t o t a l  t i m e  needed t o  o b t a i n  v e l o c i t y  
i n f o r m a t i o n  f rom t h e  f l o w  f i e l d .  
.:!& 
Exper iments a r e  underway t o  a p p l y  t h e  c u r r e n t  
t echn ique  t o  t h e  i n t e r n a l  s t r u c t u r e  of t r a n s i e n t  
v o r t e x  f l o w s  by s e l e c t i v e l y  i l l u m i n a t i n g  reg ions  o f  
t h e  f l o w  bv an i n t e n s e  ou lsed  l a s e r  o r  s t r o b e  sheet  
(see F i g u r e  9) .  P a r t i c l e s  t h a t  a r e  e x c i t e d  by t h e  
l i g h t  sheet genera te  t r a c e s  i n  t h e  f l ow  and can be 
photographed f rom two ang les  (x -y  and 2-y p l a n e )  t o  
o b t a i n  t h r e e  d imens iona l  v e l o c l t y  v e c t o r .  F i n d i n g s  
o f  these exper iments  w i l l  be r e p o r t e d  elsewhere. 
F i g .  9. I n t e r n a l  F l o w  V i s u a l i z a t i o n  
The du tho rs  wou ld  l i k e  t o  men t ion  t h a t  t h e  
p resen t  techn ique  can be a p p l i e d  f o r  f a s t  m u l t i -  
p o i n t  a n a l y s i s  o f  t h e  f l o w .  I n  t h i s  r e s p e c t  i t  can 
be cons ide red  as  t h e  o n l y  c o u n t e r p a r t  t o  m u l t i -  
p o i n t  numer ica l  methods f o r  s t u d y i n g  f l u i d  mechan- 
i c s  problems. 
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